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Abstract
Higgs, being the first discovery of a fundamental scalar field in the
standard model (SM), opens the possibility of existence of other scalar
or pseudo scalar particles in nature. Though it does not conclusively
fulfill the role of inflaton, it does provide motivation for experimental
searches involving interactions of scalar (or pseudo scalar) particles as
well as implications of such particles’ existence from the perspective of
theoretical understanding. Yukawa interactions are among the possi-
ble interactions. The considered model addresses Yukawa interaction
among the Higgs (and Higgs bar) 1 and a real singlet scalar field using
Dyson Schwinger equations (DSEs) over a range of bare coupling val-
ues relevant to inflation-related physics for several scalar bare masses
and cutoff values. The Higgs mass is kept fixed at two values for two
different scenarios. It is found that Higgs propagators are tree level
dominated while scalar propagators, despite their dependence on pa-
rameter region, do not degenerate over the whole parameter space. The
interaction vertices show significant deviations from tree level expres-
sion for a number of parameters and exhibit two distinct behaviors.
Furthermore, the theory does not show any conclusive sign of trivial-
ity over the explored parameter space, despite suppressed vertices for
some parameters, particularly for small coupling values in a certain
region of parameter space.
1 Introduction
Higgs [1–3] sector has taken the status of a cornerstone in the standard
model [4–6] after Higgs’ experimental finding [7, 8]. Its very existence was
indeed expected since it renders several particles in the SM, electroweak
interaction bosons in particular, massive in a renormalizable manner [4, 5].
However, implications of its existence may very well reach far beyond low
∗tajdar.mufti@gmail.com, tajdar.mufti@lums.edu.pk
1Higgs bar is referred to h†, with h being the Higgs field, throughout this paper.
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energy phenomenology of the standard model [5]. Supersymmetry [9] and
cosmology [10, 11] are two of these examples. It also opens a possibility
of existence of a whole scalar sector to be experimentally discovered and
studied from the perspectives of both theory and phenomenology.
In supersymmetry [9], implications of scalar fields as fundamental degrees
of freedom are beyond a mass generating mechanism which was indeed one
of the reasons for frantic SM Higgs-related searches over past few decades.
A plethora of reports, such as [12], suggest a number of scalars providing
various extensions to the already known SM [13], and even to cosmological
scenarios [14]. In particular, in minimal supersymmetric models Higgs boson
is expected to be smaller than 135 GeV [3, 15–18] which turns out to be the
correct prediction [7, 8]. However, as experimental searches [19, 20] are
yet to confirm their existence, the status of supersymmetry yet remains
inconclusive.
In cosmology, Higgs was suspected to cause inflation [11, 21, 22], which
revived interest in Higgs related cosmology [23, 24] in recent years. How-
ever, the quartic self interaction coupling of Higgs is found [25] significantly
different than what was expected to produce slow rolling during cosmic in-
flation [10, 25, 26]. Hence, it is reasonable to expect at least one more scalar
field required by current understanding of inflation [27]. As the experimen-
tal discovery [7, 8] places Higgs as the only fundamental scalar field in the
standard model, it presents an opportunity to explore interactions among
scalar fields using experimentally known results. There have also been sev-
eral studies of Higgs interactions from other perspectives, see for example
[28–30].
Similarly, interactions of a scalar singlet field have also been studied at
length from various perspectives [31], particularly dark matter physics [32–
37]. Though, the φ4 theory is found to be a trivial theory [38–45], it has not
been yet established if its interactions with other fields also render the the-
ories trivial. For the case of Higgs, which is also a (complex doublet) scalar
field, its interactions with gauge fields [46] have not shown any conclusive
sign of triviality. It supports assuming scalar interactions involving Higgs
non-trivial unless proven otherwise for a model.
In this paper Yukawa interaction between Higgs and a real scalar singlet
is studied using Dyson Schwinger equations 2 [47–51]. The study is con-
ducted under the paradigm of quantum field theory with flat background
and coupling values of the order relevant to physics related to inflation [25].
The theory is explored in terms of propagators, vertices, and cutoff effects.
Higgs (renormalized) masses are set at 125.09 GeV [7, 8, 52, 53], and 160
GeV [54]. The theory is studied with different scalar (bare) masses from
electroweak to TeV regime 3. There is a companion paper which takes into
2Throughout this paper, the Higgs is referred to the doublet complex scalar field, and
scalar field is reserved for scalar singlet field.
3Throughout the paper, electroweak regime is taken as ms ≤ 600 GeV, while TeV
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account other renormalizable interaction vertices [55] covering a larger pa-
rameter space 4, though using a different numerical approach [56], and a
paper which addresses phenomenology and further generalized results of the
same theory [57].
At this point, the theory does not contain any four point self interac-
tions in the Lagrangian. As the Yukawa interaction term in the theory
can also produce 4 point self interactions for both Higgs and scalar fields,
these self interactions are not included in the Lagrangian in favor of three
point Yukawa interaction. Inclusion of these four point self interactions are
considered somewhere else [55].
The model considered here is a variant of Wick-Cutkosky model [58],
investigated using the approach of DSEs [50, 63], which has been studied
in different contexts [59–61]. A significant part of such studies takes into
account real, massive as well as massless, singlet scalar self interacting fields
via a three point interaction vertex [31]. Two scalar fields under the same
model have also been studied under the same model [62]. However, most of
these studies have various kinds of assumptions used to either study different
aspects or applications of the model or solve the theory exactly. This pa-
per presents results from the study which involve no additional assumptions
in numerically extracting the correlation functions which are to be used to
calculate further quantities related to Higgs phenomenology [57]. The only
prominent constraints are renormalization conditions on the field propaga-
tors, which are among the typical features of, particularly phenomenology
related, quantum field theories, and a locally implemented condition to sup-
press local numerical fluctuations and extracting stable correlation functions,
as further mentioned below.
2 Technical Details
The theory is explored in Euclidean space. The (bare form of) Lagrangian
is given by
L = δµν∂µh
†∂νh+m2hh
†h+
1
2
δµν∂µφ∂νφ+
1
2
m2sφ
2 + λΠφh†h (1)
with Higgs fields (h) with SU(2) symmetry and φ a real singlet scalar field. Π
is a dimensionful parameter used to render λ dimensionless. For the current
investigation Π is set to 1 GeV. Since Π here is a non-dynamic parameter,
λ is used throughout this paper instead of the coupling λe (= λΠ)
5.
Dyson Schwinger equations (in unrenormalized form) for propagators,
H ij(p) for Higgs and S(p) for scalar singlet fields, respectively, in momentum
regime refers to ms > 600 GeV.
4This study is being conducted in the presence of four point interactions, hence con-
taining the current parameter space as a sub space.
5From this point, the word coupling is reserved for λ throughout the current report.
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space are given by
H ij(p)−1 = δij( p2+m2h) +2λe
∫
d4q
(2pi)4
S(q)Γik(−p, p−q, q)Hkj(q−p) (2)
S(p)−1 = p2 +m2s + λe
∫
d4q
(2pi)4
H ik(q)Γkl(q, p− q,−p)H li(q − p) (3)
with Γkl(u, v, w) being the three point Yukawa interaction vertex of Higgs,
Higgs bar, and scalar fields with momentum u, v, and w, respectively. Higgs
and Higgs bar fields have indices k and l, respectively. The renormalization
conditions for the propagators [63] are
H ij(p)|p2=m2h =
δij
p2 +m2h
|p2=m2h (4)
S(p)|p2=m2s =
1
p2 +m2s
|p2=m2s (5)
Details of renormalization procedure is given later in the subsection. The
starting expressions of correlation functions for numerical computations are
set to their tree level expressions. Newton Raphson’s method is implemented
during each update of either propagators or the vertex. Higgs propagators
are also updated using the same method while scalar propagators are calcu-
lated directly from the respective DSE under the implemented renormaliza-
tion procedure. Hence, under the boundary conditions the propagators are
updated or calculated, and the vertex is updated to numerically evolve to-
wards a solution such that both equations are satisfied within the preselected
size of local error. Uniqueness of solutions is implicitly assumed.
As there are three unknown correlation functions, a commonly used ap-
proach is to use a third DSE for the interaction vertex. However, it intro-
duces (most likely) unknown, further higher correlation function(s) depend-
ing upon the theory. This never ending sequence is coped with truncations
and assumptions [50, 63]. Several approaches, such as ladder approximation,
are commonly used for studies involving DSEs. Some of these approaches
may still be numerically suitable and economical, as the unknown higher cor-
relation functions are replaced by suitable assumptions, such as modeling
them in terms of other lower correlation functions. However, the resulting
correlation functions may be effected by such truncations and modeling.
On the contrary, the current investigation involves an approach to extract
propagators and vertices by introducing renormalization conditions on prop-
agators, symmetry properties, and certain measures to stabilize the vertex.
Hence, from two non-linear coupled integral equations three unknown corre-
lation functions are extracted without resorting to conventionally employed
means stated above, and only the interplay of the quantities within the
theory is made the most of.
4
Stability of vertex is ensured by three additional measures. Firstly, it
was required that local fluctuations never exceed by an order of magnitude
in 4-momentum space of the corresponding (Euclidean) space-time, i.e. at
every point in 4-momentum space the value of the vertex never exceeds by
an order of magnitude relative to its immediate neighborhood 6. The con-
straint is somewhat similar to Lipschitz condition, abundantly employed in
literature for various studies [? ? ? ? ? ], applied locally to bound the local
fluctuations of the vertex which is particularly needed in the absence of a
DSE for vertex. As the tree level structure of vertex is kept as the starting
point of each computation, during every iteration the vertex numerically
departs from its tree level expression within the preset bound to avoid un-
necessary fluctuations. In addition, updates of correlation functions is based
on sum of the squared errors in the DSE of Higgs propagator, instead of local
error [50]. It slows the computation but contributes in extracting a numer-
ically stable vertex. Furthermore, for the Higgs propagators the following
polynomial representation is introduced.
H ij(p) = δij
1
c(p2 +m2 + f(p))
(6)
with
f(p) =
N∑
i=0
aip
2i
N∑
l=0
blp
2l
(7)
The parameters ai, bl, and c are updated numerically during computations.
The advantage is that, while allowing freedom to Higgs propagators within
the renormalization scheme and symmetries of the two DSEs, it further
contributes in removing numerical fluctuations in the Higgs self energy terms
and, hence, contributes in stabilizing the vertex. It is also time efficient in
comparison to other numerical approaches, such as interpolation. However,
no representation is used for either scalar propagator or the vertex as it was
found to severely effect the numerical precision and time efficiency. Thus,
starting with the tree level structures, above mentioned measures immensely
facilitate during computation of the correlation functions in the theory.
The parameters for computations have been chosen to either explore the
dynamics in the theory in both perturbative and non-perturbative regimes
in the context of studies of richer theories [55, 64], or their relevance to
phenomenology. Higgs masses have been chosen with inspiration from the
discovery of Higgs [7, 8] as well as studies of heavy Higgs scenarios [46, 65].
6A detailed study of such constraint to study stability of vertex is to be reported
elsewhere.
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In total, 144 sets of parameters are studied with 10−3 ≤ λ ≤ 2.0 and 1.0
GeV ≤ ms ≤ 2.5 TeV, for mh = 125.09 GeV and mh = 160 GeV.
The order of coupling values have been chosen regarding the quartic cou-
pling value for inflationary scenarios involving Higgs [25]. As Feynman’s box
diagrams containing only three point Yukawa interaction can also represent
four point self interactions for both Higgs and scalar fields, it is assumed that
fourth power of Yukawa bare coupling can naively represent a bare 4 point
self interaction coupling, and the above mentioned range of bare coupling
values becomes natural choice for such explorations.
The theory was investigated with 5 TeV, 40 TeV, 60 TeV, and 100 TeV
as cutoff values in order to explore cutoff effects.
The computations are performed to achieve correlation functions with
less than 10−20 local uncertainties in results. All results are for the ver-
tices formed by Higgs and scalar fields with momenta perpendicular to each
other, while the other Higgs (bar) field carries the momentum obeying stan-
dard conservation principles. Gaussian quadrature algorithm is used for
numerical integration.
2.1 Renormalization Procedure
The renormalization procedure implemented [66] in the equation of scalar
propagator is as follows: Upon adding the counter terms, the Lagrangian
takes the following form.
L = (1 + α)δµν∂µh
†∂νh+ (m2h + β)h
†h+
1
2
(1 +A)δµν∂µφ∂νφ+
1
2
(1 +B)m2sφ
2
+ λ(1 +
C
λ
)Πφh†h
(8)
Adding the counter terms in the Lagrangian in equation 1, equation 3 be-
comes
Sr(p)
−1 = (1+A)p2 +m2s+B+λ
∫
d4q
(2pi)4
H ikr (q)Γ
kl
r (q, p−q,−p)H lir (q−p))
(9)
where A, and B are real constants, r is the subscript for renormalized terms,
and
Γklr (q, p− q,−p) = (1 +
C
λ
)Γkl(q, p− q,−p) (10)
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with C also a real constant 7. Similarly, for the case of the Higgs propagator,
equation 2 takes the form
H ij(p)−1 = δij((1+α) p2+m2h+β)+2λ
∫
d4q
(2pi)4
S(q)Γikr (−p, p−q, q)Hkj(q−p)
(11)
with α and β as the constants due to the counter terms. Without imposing
any strong constraints, parameters B and β 8 are defined as,
B = Am2s + 2λ(1 +A)(1 + α)σs
β = αm2h + 2λ(1 +A)(1 + α)σh
(12)
with σs and σh as the parameters to be determined during computations.
Γabr (p,−p− q, q) are also defined as
Γabr (p,−p− q, q) = (1 +A)(1 + α)Γ˜abr (p,−p− q, q) (13)
In addition, as mass of the Higgs boson is already known, the renormalized
mass of the Higgs boson (m2h,r) is fixed at 125.09 GeV, and 160.0 GeV as a
test case of heavy Higgs 9. Beside studying the model from the perspective of
phenomenology, an advantage is reduction in the unknown terms emerging
during renormalization procedure [66]. The renormalized (squared) Higgs
mass is related to its bare (squared) mass by the equation given below.
m2h,r = m
2
h + β = m
2
h + αm
2
h + 2λ(1 +A)(1 + α)σh (14)
As the Higgs renormalized mass is fixed, σh does not need to be explicitly
calculated. 10.
Hence, the DSEs to be used for computations are
Sr(p)
−1 = (1 +A)( p2 +m2s + 2λ(1 + α)σs + (1 + α)Is(p)) (15)
and
H ijr (p)
−1 = (1 + α)(δij( p2 +
m2h,r
1 + α
) + (1 +A)Iijh (p)) (16)
where
Is(p) = λ
∫
d4q
(2pi)4
H ikr (q)Γ˜
kl
r (q, p− q,−p)H lir (q − p) (17)
7There is no running coupling in this case because the contributions in coupling beyond
the bare value are absorbed in the definition of the vertex.
8The definition of β is included for the sake of completion. For the renormalized Higgs
mass fixed at its experimentally known value, which is the case here, the definition of β
do not need to be implemented in the algorithms.
9Since Higgs mass is kept fixed at its renormalized value, notations mh and mh,r are
used interchangeably as they do not cause any confusion.
10If required, it could be directly calculated using 14 for each value of the parameters
α and A.
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Iijh (p) = 2λ
∫
d4q
(2pi)4
Sr(q)Γ˜
ik
r (−p, p− q, q)Hkjr (q − p) (18)
Only the flavor diagonal Higgs propagators are assumed to be non-zero, as
is the case for the tree level Higgs propagators.
During each iteration, the sequence of updates is as follows: First, the
parameter σs is updated using Newton Raphson method, as mentioned be-
fore. It is followed by that of parameters in equation 6 which also provides
the parameter α. It is followed by updating of the vertex at every momentum
point. During each update of Higgs propagator and vertex, scalar propa-
gator and its term A is determined before calculating the sum of squared
errors.
The correlation functions are found to be stable under change of ordering
among updates of Higgs propagator and the vertex up to the set precision.
It was also found that slight deviations from the tree level structures, which
were used as the starting forms of correlation functions, do not effect the
results, favoring the robustness of the approach. As the correlation func-
tions do exist at their tree level, it is assumed throughout the study that
correlation functions exist in the explored parameter space of the theory.
3 Propagators
3.1 Scalar Propagators
Scalar propagators, as they are calculated using Higgs propagators and
Yukawa interaction vertex, are found to be highly informative in the model.
Their DSE involves more constants to be known while implementing the
renormalization procedure during numerical computations compared to Higgs
propagators. The propagators are shown in figures 1, 2, 3, 6, 7, and 8.
An immediate observation is that at the ultraviolet end scalar propaga-
tors have the same qualitative behavior for both of the physical masses of
Higgs 11. It becomes clear that at this end scalar self energies, defined by
equation 17, should have lost any significant dependence for higher momen-
tum while the quantitative differences appear due to the renormalization
parameter A in equation 9 which is corroborated by the the self energies
plotted in figures 4 and 5 for mh = 125.09 GeV, and 9 and 10 for mh = 160.0
GeV, respectively.
Furthermore, for higher coupling and the lowest scalar bare mass, ms = 1
GeV, the propagators exhibit a tendency of having a pole, see figures 2 and
7 in which the propagators are shown without a log scale, and scalar self
energy terms in figures 4 and 9. This peculiar behavior suggests that in the
model it is possible for scalars to have a negative renormalized squared mass
11Throughout the current paper, physical mass and renormalized mass are used inter-
changeably.
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Figure 1: Scalar propagators (on logarithmic scale) for mh = 125.09 GeV
are plotted (in electroweak regime) with 1 GeV ≤ ms ≤ 600 GeV, 0.001
≤ λ ≤ 2.0, and 5 TeV ≤ Λ ≤ 60 TeV, shown as (ms, λ,Λ) on the figure.
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Figure 2: Scalar propagators for mh = 125.09 GeV are plotted (in elec-
troweak regime) with 1 GeV ≤ ms ≤ 600 GeV, 0.001 ≤ λ ≤ 2.0, and 5 TeV
≤ Λ ≤ 60 TeV, shown as (ms, λ,Λ) on the figure.
which, as in standard literature, is taken as a sign of symmetry breaking.
For the corresponding parameters, scalar self energies also show relatively
pronounced negative contributions. Several other parameters are also found
to have this tendency, though it is mild and suppressed for lower cutoff
values, which indicates that if such a phenomenon really exists in the model,
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Scalar Propagators (125.09 GeV Higgs)
Figure 3: Scalar propagators (on logarithmic scale) for mh = 125.09 GeV
are plotted (in TeV regime) with 1000 GeV ≤ ms ≤ 2500 GeV, 0.001 ≤ λ ≤
2.0, and 5 TeV ≤ Λ ≤ 60 TeV, shown as (ms, λ,Λ) on the figure.
it may take place for higher cutoff values 12.
Another feature of ms in electroweak regime is the sensitivity on param-
eters and cutoff. Though, several of the scalar propagators are indeed found
to have similar magnitude in the infrared region, the deviations are evident
on the figures 1, 2, 6, and 7, which may arise due to different values of the
A parameters as mentioned above. It was also observed for a number of pa-
rameters in electroweak regime, particularly for 125.09 GeV Higgs and very
low scalar bare mass, that lower the cutoff more suppressed the propagator
may appear.
For ms in TeV regime, the propagators manifest differently than in elec-
troweak regime. First of all, instead of having a variety of propagators they
are relatively closer to each other beyond (approximately) 10 TeV momen-
tum. Hence, infrared region is more interesting than the ultraviolet region.
In this region, instead of a wide variety as in case of electroweak regime, the
propagators are found to accumulate in groups, see figure 3. For higher Higgs
mass (mh = 160 GeV), scalar propagators are found to have slightly more
enhanced dependence on parameter space, see figure 8, but qualitatively the
propagators manifest in the similar way as for light Higgs case (mh = 125.09
GeV) due to the A parameter, see equation 15. Their qualitatively similar
behavior indicates less deviations among the magnitudes of physical scalar
masses in the regime because the A parameter only rescales the propagators
in compliance with the renormalization condition in equation 5. A notable
12Further higher values of cutoff were not studied as it would compromise the resolution
in momentum values.
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Figure 4: Scalar self energies for mh = 125.09 GeV are plotted (in elec-
troweak regime) with 1 GeV ≤ ms ≤ 600 GeV, 0.001 ≤ λ ≤ 2.0, and 5 TeV
≤ Λ ≤ 60 TeV, shown as (ms, λ,Λ) on the figure.
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Figure 5: Scalar self energies for mh = 125.09 GeV are plotted (in TeV
regime) with 1000 GeV ≤ ms ≤ 2500 GeV, 0.001 ≤ λ ≤ 2.0, and 5 TeV
≤ Λ ≤ 60 TeV, shown as (ms, λ,Λ) on the figure.
observation is suppression of propagators for higher masses and the highest
cutoff value (Λ = 60 TeV). Qualitatively, scalar self energies for both of the
selected Higgs masses in TeV regime share similar features, see figures 5 and
10. Beyond around 10 TeV, they are significantly suppressed which concurs
with the quantitative behavior of scalar propagators for both of the Higgs
masses.
11
0 10 20 30 40 50 60
p [TeV]
9−10
8−10
7−10
6−10
5−10
4−10
3−10
2−10
1−10
1
]
-
2
D
(p)
 [G
eV
Scalar Propagators (160.0 GeV Higgs)
1, 0.8801, 100
1, 0.001, 100
80, 0.8801, 100
80, 0.001, 100
600, 2, 100
600, 0.8801, 100
600, 0.001, 100
1, 0.8801, 60
1, 0.001, 60
80, 0.8801, 60
80, 0.001, 60
600, 2, 60
600, 0.8801, 60
600, 0.001, 60
1, 0.001, 40
80, 0.001, 40
600, 2, 40
600, 0.8801, 40
600, 0.001, 40
1, 2, 5
1, 0.8801, 5
1, 0.001, 5
80, 2, 5
80, 0.8801, 5
80, 0.001, 5
600, 2, 5
600, 0.8801, 5
600, 0.001, 5
Figure 6: Scalar propagators (on logarithmic scale) for mh = 160.0 GeV
are plotted (in electroweak regime) with 1 GeV ≤ ms ≤ 600 GeV, 0.001
≤ λ ≤ 2.0, and 5 TeV ≤ Λ ≤ 60 TeV, shown as (ms, λ,Λ) on the figure.
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Figure 7: Scalar propagators for mh = 160.0 GeV are plotted (in elec-
troweak regime) with 1 GeV ≤ ms ≤ 600 GeV, 0.001 ≤ λ ≤ 2.0, and 5 TeV
≤ Λ ≤ 60 TeV, shown as (ms, λ,Λ) on the figure.
Scalar propagators for both Higgs masses are found to be qualitatively
similar. In figures 11 and 12, renormalization parameter A for scalar prop-
agator, in the form of the quantity A˜ = 1 + A, is shown for various cutoff
values and parameters of the theory. For higher values of ms, irrespective of
mh,r, the parameter A˜ is close to 1.0 which indicates small contribution of A
parameter during renormalization. It suggests that the deviations in scalar
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Scalar Propagators (160.0 GeV Higgs)
Figure 8: Scalar propagators (on logarithmic scale) for mh = 160.0 GeV
are plotted (in TeV regime) with 1000 GeV ≤ ms ≤ 2500 GeV, 0.001 ≤ λ ≤
2.0, and 5 TeV ≤ Λ ≤ 60 TeV, shown as (ms, λ,Λ) on the figure.
propagators in the infrared region is mostly due to the contributions from
self energies. However, for the values of ms lower than 100 GeV, deviations
from unity is relatively more prominent. It suggests emergence of a different
behavior peculiar for smaller scalar bare masses in contrast to TeV regime.
Overall, beyond the infrared region where mutual (particularly qualita-
tive) deviations between scalar propagators are less prominent, scalar prop-
agators are generally found to have (decreasing) monotonic behavior which
is an indicative of a physical particle in the theory.
3.2 Higgs Propagators
Unlike scalar propagators, Higgs propagators are independently updated
with the renormalization condition in equation 4 by updating the coeffi-
cients in the expansion of Higgs propagators given in equation 6. Thus,
with the Higgs renormalized mass fixed, as the constant α in equation 11 is
determined directly from equation 6, the vertex remains the only unknown
correlation function in equation 11, while the parameter A is calculated
directly from the DSE of scalar propagator in equation 15.
Higgs propagators for mh = 125.09 GeV are shown in figures 13 and
14 for different parameters of the theory at 4 cutoff values. An immedi-
ate observation is strong insensitivity of Higgs propagators over bare scalar
masses, couplings as well as cutoff values. As the propagators manifest very
close to the tree level propagators, they are monotonically decreasing func-
tions, which indicates a physical particle. Similar situation is observed for
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Figure 9: Scalar self energies for mh = 160.0 GeV are plotted (in elec-
troweak regime) with 1 GeV ≤ ms ≤ 600 GeV, 0.001 ≤ λ ≤ 2.0, and 5 TeV
≤ Λ ≤ 60 TeV, shown as (ms, λ,Λ) on the figure.
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Figure 10: Scalar self energies for mh = 160.0 GeV are plotted (in TeV
regime) with 1000 GeV ≤ ms ≤ 2500 GeV, 0.001 ≤ λ ≤ 2.0, and 5 TeV
≤ Λ ≤ 60 TeV, shown as (ms, λ,Λ) on the figure.
mh = 160.0 GeV as shown in figures 17 and 18. This feature is also observed
for the SM Higgs boson which has low contributions beyond tree level. How-
ever, what is peculiar in this model is significantly smaller contributions from
self energies.
Higgs self energy terms are plotted in figures 15 and 16 for mh = 125.09
GeV, and 19 and 20 for mh = 160.0 GeV. It is observed that, though there
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Figure 11: Renormalization quantity 1+A for scalar propagator with
mh = 125.09 GeV are plotted for different scalar bare masses ms and bare
couplings λ at different cutoff values Λ.
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Figure 12: Renormalization quantity 1+A for scalar propagator with mh =
160.0 GeV are plotted for different scalar bare masses ms and bare couplings
λ at different cutoff values Λ.
exists no competition between the contribution from self energies and the
tree level structure (p2 + m2h), there is indeed a certain dependence which
is relatively more distinct for higher coupling values and the scalar bare
mass at 1.0 GeV, self energies for λ = 2.0 are shown in the figures. Their
quantitative behavior is relatively more prominent for higher cutoff values.
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Figure 13: Higgs propagators (on logarithmic scale) for mh = 125.09 GeV
are plotted (in electroweak regime) with 1 GeV ≤ ms ≤ 600 GeV, 0.001
≤ λ ≤ 2.0, and 5 TeV ≤ Λ ≤ 60 TeV, shown as (ms, λ,Λ) on the figure.
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Figure 14: Higgs propagators (on logarithmic scale) for mh = 125.09 GeV
are plotted (in TeV regime) with 1000 GeV ≤ ms ≤ 2500 GeV, 0.001 ≤ λ ≤
2.0, and 5 TeV ≤ Λ ≤ 60 TeV, shown as (ms, λ,Λ) on the figure.
The dependence is found to be stronger for momentum lower than 1 TeV,
where Higgs masses as well as the renormalization points lie. As for the case
of scalar self energies, both positive and negative contributions from Higgs
self energies are observed. The cutoff effects are particularly stronger below
Λ < 5 TeV, which appear prominently on figures 15, 16, 19, and 20.
The parameter α, shown in figures 21 and 22, remains very close to 1
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Figure 15: Higgs self energies for mh = 125.09 GeV are plotted (in elec-
troweak regime) with 1 GeV ≤ ms ≤ 600 GeV, 0.001 ≤ λ ≤ 2.0, and 5 TeV
≤ Λ ≤ 60 TeV, shown as (ms, λ,Λ) on the figure.
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Figure 16: Higgs self energies for mh = 125.09 GeV are plotted (in TeV
regime) with 1000 GeV ≤ ms ≤ 2500 GeV, 0.001 ≤ λ ≤ 2.0, and 5 TeV
≤ Λ ≤ 60 TeV, shown as (ms, λ,Λ) on the figure.
throughout the explored parameter space. It indicates that the deviations
from the tree level expression may have features mostly due to a relatively
stronger role of the self energy term, however small in magnitude, than the
parameter α.
Given the observed less sensitivity of Higgs propagators in parameter
space as well as cutoff values, and that this behavior has already been ob-
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Figure 17: Higgs propagators (on logarithmic scale) for mh = 160.0 GeV
are plotted (in electroweak regime) with 1 GeV ≤ ms ≤ 600 GeV, 0.001
≤ λ ≤ 2.0, and 5 TeV ≤ Λ ≤ 60 TeV, shown as (ms, λ,Λ) on the figure.
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Figure 18: Higgs propagators (on logarithmic scale) for mh = 160.0 GeV
are plotted (in TeV regime) with 1000 GeV ≤ ms ≤ 2500 GeV, 0.001 ≤ λ ≤
2.0, and 5 TeV ≤ Λ ≤ 60 TeV, shown as (ms, λ,Λ) on the figure.
served in other studies [54], it is speculated that even if Higgs mass was
not fixed at its physical mass it may not have improved sensitivity of Higgs
propagators in the considered region of the parameter space. Hence, the
mass of Higgs may not have changed drastically from the bare mass value,
particularly for a large bare mass value around electroweak scale, i.e. 100
GeV.
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Figure 19: Higgs self energies for mh = 160.0 GeV are plotted (in elec-
troweak regime) with 1 GeV ≤ ms ≤ 600 GeV, 0.001 ≤ λ ≤ 2.0, and 5 TeV
≤ Λ ≤ 60 TeV, shown as (ms, λ,Λ) on the figure.
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Figure 20: Higgs self energies for mh = 160.0 GeV are plotted (in TeV
regime) with 1000 GeV ≤ ms ≤ 2500 GeV, 0.001 ≤ λ ≤ 2.0, and 5 TeV
≤ Λ ≤ 60 TeV, shown as (ms, λ,Λ) on the figure.
3.3 Higgs-scalar Vertex
As Yukawa interaction vertex, defined in equation 13, is the only means for
Higgs and scalar fields to interact in the Lagrangian, it contains all the non-
trivial details regarding interactions in the model considered here. Despite
the simplicity of the model, the vertices are found to contain highly non-
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Figure 21: Renormalization quantity 1+α for scalar propagator with
mh = 125.09 GeV are plotted for different scalar bare masses ms and bare
couplings λ at different cutoff values Λ.
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Figure 22: Renormalization quantity 1+α for scalar propagator with mh =
160.0 GeV are plotted for different scalar bare masses ms and bare couplings
λ at different cutoff values Λ.
trivial features and are shown in figures 23 - 42 13.
13The mild fluctuations in the region of low field momenta are found to have dependence
on the density of the momentum points, which is lower than in higher momentum region
due to the distribution endowed by Gaussian quadrature algorithm, in the region. Hence,
these fluctuations are not to be related to the precision with which the correlation functions
20
10 20
30 40
50 60
70 80
90
 
Scalar mome
ntum [TeV]10
2030
4050
6070
8090
 Higgs momentum [TeV]
1.5−
1−
0.5−
0
0.5
1
1.5
6−10×
 
Ve
rte
x
Higgs-scalar vertex
1, 2, 100
10 20
30 40
50
 
Scalar mom
entum [TeV]10
20
30
40
50
 Higgs momentum [TeV]
5−
0
5
10
15
20
25
6−10×
 
Ve
rte
x
Higgs-scalar vertex
1, 2, 60
5 10
15 20
25 30
35
 Scalar momen
tum [TeV]5
10
15
20
25
30
35
 Higgs momentum [TeV]
4−
3−
2−
1−
0
1
2
3
6−10×
 
Ve
rte
x
Higgs-scalar vertex
1, 2, 40
0.5 1
1.5 2
2.5 3
3.5 4
4.5
 
Scalar mome
ntum [TeV]0.5
11.5
2
2.53
3.54
4.5
 Higgs momentum [TeV]
0.3−
0.2−
0.1−
0
0.1
0.2
0.3
0.4
3−10×
 
Ve
rte
x
Higgs-scalar vertex
1, 2, 5
Figure 23: Higgs-scalar vertex for mh = 125.09 GeV, ms = 1 GeV, coupling
λ = 2.0, for four cutoff values (Λ) given in TeV. The figures are labelled as
(ms, λ,Λ).
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Figure 24: Higgs-scalar vertex for mh = 125.09 GeV, ms = 1 GeV, coupling
λ = 0.8801, for four cutoff values (Λ) given in TeV. The figures are labelled
as (ms, λ,Λ).
The first observation is presence of a major classification in terms of
qualitative behavior of the vertices, i.e. either the vertices behave as a
combination of two plateaus connected smoothly or a flat function with no
are calculated here.
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Figure 25: Higgs-scalar vertex for mh = 125.09 GeV, ms = 80 GeV,
coupling λ = 2.0, for four cutoff values (Λ) given in TeV. The figures are
labelled as (ms, λ,Λ).
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Figure 26: Higgs-scalar vertex for mh = 125.09 GeV, ms = 80 GeV,
coupling λ = 0.8801, for four cutoff values (Λ) given in TeV. The figures are
labelled as (ms, λ,Λ).
significant dependence on field momenta while for very low momentum it
exhibits strong dependence. Furthermore, for the later type of the vertices
the steep behavior can be descending or ascending as the field momentum
is increased which renders the vertices a subclassification.
For the case of mostly flat vertices, the insensitive momentum region
22
10 20
30 40
50 60
70 80
90
 
Scalar mome
ntum [TeV]10
2030
4050
6070
8090
 Higgs momentum [TeV]
1.2
1.4
1.6
1.8
2
2.2
2.4
2.6
2.8
3
3.2
 
Ve
rte
x
Higgs-scalar vertex
1000, 2, 100
10 20
30 40
50
 
Scalar mom
entum [TeV]10
20
30
40
50
 Higgs momentum [TeV]
0.5
1
1.5
2
2.5
 
Ve
rte
x
Higgs-scalar vertex
1000, 2, 60
5 10
15 20
25 30
35
 Scalar momen
tum [TeV]5
10
15
20
25
30
35
 Higgs momentum [TeV]
0
0.5
1
1.5
2
2.5
 
Ve
rte
x
Higgs-scalar vertex
1000, 2, 40
0.5 1
1.5 2
2.5 3
3.5 4
4.5
 
Scalar mome
ntum [TeV]0.5
11.5
2
2.53
3.54
4.5
 Higgs momentum [TeV]
6−
5−
4−
3−
2−
1−
0
1
2
 
Ve
rte
x
Higgs-scalar vertex
1000, 2, 5
Figure 27: Higgs-scalar vertex for mh = 125.09 GeV, ms = 1000 GeV,
coupling λ = 2.0, for four cutoff values (Λ) given in TeV. The figures are
labelled as (ms, λ,Λ).
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Figure 28: Higgs-scalar vertex for mh = 125.09 GeV, ms = 1000 GeV,
coupling λ = 0.8801, for four cutoff values (Λ) given in TeV. The figures are
labelled as (ms, λ,Λ).
is found to have both positive and negative values of the vertices. At this
point, it is inconclusive to take such infrared effects as a sign of a certain
structure in the parameter space of the model. It is expected that studies
of higher vertices may provide further details regarding such an structure,
as reported in [65] for a different model.
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Figure 29: Higgs-scalar vertex for mh = 125.09 GeV, ms = 2500 GeV,
coupling λ = 2.0, for four cutoff values (Λ) given in TeV. The figures are
labelled as (ms, λ,Λ).
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Figure 30: Higgs-scalar vertex for mh = 125.09 GeV, ms = 2500 GeV,
coupling λ = 0.8801, for four cutoff values (Λ) given in TeV. The figures are
labelled as (ms, λ,Λ).
An interesting feature is a remarkable suppression of vertices for very
low coupling values (λ = 0.001 in our case) 14. For these vertices, the higher
14For such a low coupling value, the vertices require additional algorithm for suppressing
local fluctuations, such as in [? ]. Hence, on each momentum point not belonging to any ex-
treme momentum on the boundary surface, the vertex V (P 1t , P
1
x ) is improved to V (P
2
t , P
2
x )
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Figure 31: Higgs-scalar vertex for mh = 160.0 GeV, ms = 1 GeV, coupling
λ = 2.0, for four cutoff values (Λ) given in TeV. The figures are labelled as
(ms, λ,Λ).
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Figure 32: Higgs-scalar vertex for mh = 160.0 GeV, ms = 1 GeV, coupling
λ = 0.8801, for four cutoff values (Λ) given in TeV. The figures are labelled
as (ms, λ,Λ).
momentum region is considerably larger in magnitude compared to the sup-
pressed region for lower momentum values, see figures 39 - 42. However, at
this point these vertices can not be taken as a strong sign of trivial vertices
twice, for each update during a computation, using the formula given as: V (P 2t , P
2
x ) =
1
5
(V (P 1t , P
1
x )+V (P
1
t +δP
1
t , P
1
x )+V (P
1
t −δP 1t , P 1x )+V (P 1t , P 1x +δP 1x )+V (P 1t , P 1x −δP 1x )).
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Figure 33: Higgs-scalar vertex for mh = 160.0 GeV, ms = 80 GeV, coupling
λ = 2.0, for four cutoff values (Λ) given in TeV. The figures are labelled as
(ms, λ,Λ).
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Figure 34: Higgs-scalar vertex for mh = 160.0 GeV, ms = 80 GeV, coupling
λ = 0.8801, for four cutoff values (Λ) given in TeV. The figures are labelled
as (ms, λ,Λ).
as the vertices are many orders higher in magnitude than the preselected
precision, and the suppression does not occur over the entire range of mo-
mentum values. Qualitatively, these vertices behave similarly, except for the
case of very low cutoff, which is an indication that large cutoff effects in the
model are prominent at cutoff of the order of few TeVs for small couplings
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Figure 35: Higgs-scalar vertex for mh = 160.0 GeV, ms = 1000 GeV,
coupling λ = 2.0, for four cutoff values (Λ) given in TeV. The figures are
labelled as (ms, λ,Λ).
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Figure 36: Higgs-scalar vertex for mh = 160.0 GeV, ms = 1000 GeV,
coupling λ = 0.8801, for four cutoff values (Λ) given in TeV. The figures are
labelled as (ms, λ,Λ).
as shown in the figures.
The cutoff effects mentioned above remain considerable for higher cou-
plings as well, particularly for the case of low scalar bare masses, see 23,
25, 27, 31, 33. The two plateau vertices are relatively more abundant for
the case of low cutoff, which further suggest presence of cutoff effects in the
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Figure 37: Higgs-scalar vertex for mh = 160.0 GeV, ms = 2500 GeV,
coupling λ = 2.0, for four cutoff values (Λ) given in TeV. The figures are
labelled as (ms, λ,Λ).
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Figure 38: Higgs-scalar vertex for mh = 160.0 GeV, ms = 2500 GeV,
coupling λ = 0.8801, for four cutoff values (Λ) given in TeV. The figures are
labelled as (ms, λ,Λ).
model. It is found that vertices with infrared suppression is found more
abundant for the case of higher scalar bare masses, see figures 29, 30, 37,
38, while for lower scalar bare mass vertices with such a behavior is not as
abundant.
Furthermore, the vertices are not found to be sensitive to Higgs mass
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Figure 39: Higgs-scalar vertex for mh = 125.09 GeV, ms = 1 GeV, coupling
λ = 0.001, for four cutoff values (Λ) given in TeV. The figures are labelled
as (ms, λ,Λ).
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Figure 40: Higgs-scalar vertex for mh = 160.0 GeV, ms = 1 GeV, coupling
λ = 0.001, for four cutoff values (Λ) given in TeV. The figures are labelled
as (ms, λ,Λ).
which indicates that, should there be a phase structure in the model, it
should have comparably more pronounced dependence on the scalar bare
masses and the coupling values than the Higgs bare mass, see figures 31 -
38.
Lastly, as several vertices are also observed which do not completely
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Figure 41: Higgs-scalar vertex for mh = 125.09 GeV, ms = 2500 GeV,
coupling λ = 0.001, for four cutoff values (Λ) given in TeV. The figures are
labelled as (ms, λ,Λ).
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Figure 42: Higgs-scalar vertex for mh = 160.0 GeV, ms = 2500 GeV,
coupling λ = 0.001, for four cutoff values (Λ) given in TeV. The figures are
labelled as (ms, λ,Λ).
belong of one of the two classifications of the vertices, it suggests a possibility
of a second order phase transition in the phase space, if there is indeed a
phase structure in the theory. It is not a surprise in physics involving Higgs
interactions as such a behavior has already been found in other studies
involving Higgs interactions, see [65] for instance.
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Most of the vertices in the theory are found to have least dependence in
the ultraviolet end where both Higgs and the scalar propagators are quali-
tatively similar to their tree level structures, which can also be noticed from
momentum dependence of their respective self energy terms. Hence, a pic-
ture qualitatively similar to what perturbative approach depicts emerges.
However, many of the vertices have infrared region where the vertices seem
to smoothly depart from their tree level structure. Overall, such a persistent
behavior is taken as a sign of stability of the vertices extracted using the
numerical approach explained above.
3.4 Renormalized Masses
From the perspective of phenomenology and measurements, renormalized
masses are among the most important quantities in a model. The (squared)
renormalized mass for scalar field, using equations 12 for B parameter, is
given by
m2s,r = (1 +A)(m
2
s + 2λσs(1 + α)) (19)
while Higgs’ mass is kept fixed, as mentioned before.
Results for scalar masses are shown in figures 43 and 44 for mh = 125.09
GeV and mh = 160.0 GeV, respectively, at various cutoff values, against
several scalar bare masses and couplings. Ratios between squared renormal-
ized scalar mass and the corresponding bare squared scalar mass are plotted
in the figures.
For the case of mh = 125.09 GeV, a general observation is that for higher
scalar masses the ratio is close to 1, indicating absence of any significant
beyond tree level contributions to physical scalar mass. It is understandable
as it is already known that heavier masses usually have smaller contributions
beyond the bare mass values in quantum field theories. The ratio is not
found to have any significant dependence on couplings in this region.
However, suppression of the ratio occurs for smaller values of ms which
is the result of significant negative contributions from Yukawa interaction
in the model. It supports the speculation made in section 3.1 regarding
negative renormalized squared scalar masses. For higher cutoff values the
effect is found to be more pronounced towards small values (ms < 80 GeV)
of scalar bare masses.
For heavier Higgs case, the quantitative behavior of the ratio is similar,
see figure 44. It suggests that at least the Higgs mass in the vicinity of
electroweak scale may not effect scalar masses, and the parameter space
may not be as sensitive to Higgs mass as it is for scalar bare mass.
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Figure 43: Scalar mass squared ratios (
m2s,r
m2s
) for various couplings and
scalar (bare) masses, for different cutoff values, are plotted for mh = 125.09
GeV.
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Figure 44: Scalar mass squared ratios (
m2s,r
m2s
) for various couplings and
scalar (bare) masses, for different cutoff values, are plotted for mh = 160.0
GeV.
4 Conclusion
In this paper, results from a systematic studies of Wick Cutkosky’s model
with a three point Yukawa interaction among Higgs, Higgs bar, and scalar
singlet fields are reported. The investigation is a part of understanding
richer renormalizable quantum field theories with flat background and in-
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vestigating their phenomenology with minimum truncations and ansatz. In
the presence of implemented numerical constraints, the vertex is found to
be stable over most of the parameter space. Even in the presence of only
one three point interaction vertex, the model considered is found to posses a
number of non-trivial features which begs for further in-depth study of the
theory.
Higgs propagators are found to have the simplest features. Presence of
quantitative, as well as qualitative, similarity over the considered region of
the parameter space raises an speculation that even if the Higgs mass was
not fixed to its experimentally known value, it would not change the renor-
malized mass drastically in this model. It finds support from the case of the
SM and several studies involving Higgs interactions. Hence, the model itself
is found to be in harmony to current understanding about Higgs interactions,
which also indicates robustness of the rather unconventional numerical ap-
proach taken for the study.
However, scalar field is found to have a far more active role than the
Higgs. The scalar propagators are found to belong to either of the two
regimes in terms of their qualitative behavior. All the terms due to imple-
mentation of renormalization are found to have certain dependence in the
parameter space. The interesting feature of negative squared scalar masses
is a result of sensitivity of the model to the involved parameters. As, it is
taken as a sign of symmetry breaking, it makes the model highly interest-
ing for further investigation, particularly the region with extremely small
scalar bare masses, where such effects are pronounced, and dynamic mass
generation in the model.
Presence of suppressed vertices is another interesting feature of the model.
However, the vertices remain many orders of magnitude higher than the
preselected precision for computations. Hence, interactions can not be con-
cluded as trivial for the model at this point. However, presence of at least
two classifications of the vertices in terms of parameter space and the cutoff
values begs for further investigation of the theory, as these signs can also
be due to a certain structure in the model’s parameter space. As there is
no sign of abrupt change in the qualitative behavior, a second order phase
transition is expected in the model if there is a indeed an structure in the
parameter space.
As the vertices, particularly for higher scalar bare masses, show simi-
larity to the tree level structure up to some constant over the region where
perturbative picture develops rather clearly in the other correlation func-
tions, and as there is no undesired fluctuations in the vertices, it increases
confidence on the numerical approach used to extract the correlation func-
tions from the model, and hence it also warrants further investigation from
this perspective.
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